Abstract In this note we examine the long-time behavior of state functions for a climate energy balance model (Budyko Model) in the strongest topologies of the phase and the extended phase spaces. Strongest convergence results for all weak solutions are obtained. New structure and regularity properties for global and trajectory attractors are justified.
u(x, t) represents the average temperature of the Earth's surface. In Budyko [4] the energy balance is expressed as heat variation = R a − R e + D.
Here R a = QS(x)β(u). It represents the solar energy absorbed by the Earth, Q > 0 is a solar constant, S(x) is an insolation function (the distribution of solar radiation falling on upper atmosphere), β represents the ratio between absorbed and incident solar energy at the point x of the Earth's surface (so-called the co-albedo function). The term R e represents the energy emitted by the Earth into space, and as usual, it is assumed to be an increasing function on u. The term D is the heat diffusion, and we assume (for simplicity) that it is constant.
As usual, the term R e may be chosen according to the Newton cooling law as linear function on u, R e = Bu + C (here B and C are some positive constants) [4] , or according to the Stefan-Boltzmann law, R e = σ u 4 [38] . In this note we consider R e = Bu as in Budyko [4] .
Suppose also that β is a bounded maximal monotone graph of R 2 ; that is, there exist m, M ∈ R, such that for all s ∈ R and z ∈ β(s)
Through the note we consider real Hilbert spaces
where T M represents the tangent bundle and the functional spaces L 2 (M ) and L 2 (T M ) are defined in a standard way; see, for example, Aubin [2] . Let V * be the dual space of the function space V . We remark that
and all embeddings are compact and dense; see, for example, Aubin [2, p. 55,
and T ) ), where ·,· denotes the pairing in the space V . In this manuscript, we examine the long-term dynamics as t → +∞ of all weak solution for Problem (18.1) in the strongest sense under the assumptions listed above.
We note that the existence of a Lyapunov function for a class of semi-linear parabolic differential reaction-diffusion equations with discontinuous nonlinearities, regularity properties for global and trajectory attractors, and its applications were considered in [16] [17] [18] . In [5, 32, 46, 48, 49] authors provided sufficient conditions for the existence of a Lyapunov function for autonomous evolution inclusions of hyperbolic type. The theory of the global and trajectory attractors for parabolic systems in the natural phase and extended phase spaces was considered in [1, 3, 6-9, 14, 19-28, 30, 31, 33, 39-45] . Topological properties of strong and weak solutions were provided in [15, [34] [35] [36] [37] . Strong regularity properties of global and trajectory attractors were proved in [10, [26] [27] [28] [29] .
Auxiliaries
According to [16] , for each u 0 ∈ H and T > 0, there exists at least one weak solution of Problem (18 
Consider the family of all weak solutions of Problem (18.1) defined on the semiinfinite time interval [0, +∞): 
is a Lyapunov-type function for K + . Moreover, the following energy equality holds:
for each u ∈ K + and 0 < τ < T < ∞. The following lemma provides the main convergence result for all weak solutions of Problem (18.1) in the strongest topologies. 
as k → +∞.
Definition 18.2 The multivalued map
Let us define the multivalued map G : R + × H → 2 H \{∅} as follows: 
Main Results
In this section we state that there exist trajectory and global attractors for all weak solutions of Problem (18.1) and provide their structure and regularity properties. Let {T (h)} h≥0 be the translation semigroup acting on 
The following theorem provides structure and regularity properties for global and trajectory attractors for all weak solutions of Problem (18.1). 
Theorem 18.3 The following statements hold:
(i) A is a compact subset of V ; (ii) U is a bounded subset of L ∞ (R + ; V ) and 0,M U is a compact subset of W (0, M) for each M > 0, where W (0, M) = {u(·) ∈ C([0, M]; V ) : u t (·) ∈ L 2 (0, M; H)} is a real Banach space; (iii) K is a bounded subset of L ∞ (R; V ) and 0,M U a compact subset of W (0, M) for each M > 0; (iv) For each nonempty bounded set B ⊂ H dist V (G(t, B), A ) → 0, t → ∞; (v) For any bounded in L ∞ (R + ; H) set B ⊂ K + and any M ≥ 0 the following relation holds: dist W (0,M) ( 0,M T (t)B, 0,M U ) → 0, t → +∞; (vi) For each u ∈ K the limit sets α(u) = {z ∈ V | u(t j ) → z in V for some sequence t j → −∞}, ω(u) = {z ∈ V | u(t j ) → z in V( · ) := B 2 · 2 H , J 2 ( · ) := E( · ) − B 2 · 2 H − 1 2
